Abstract We look at viscosity production in a universe consisting purely of leptons and photons. This is quite close to what the universe actually look like when the temperature was between 10 10 K and 10 12 K (1 -100 MeV). By taking the strong force and the hadronic particles out of the equation, we can examine how the viscous forces behave with all the 12 leptons present. By this we study how shear-and (more interestingly) bulk viscosity is affected during periods with particle annihilation. We use the theory given by Hoogeveen et. al. from 1986, replicate their 9-particle results and expand it to include the muon and tau particles as well. This will impact the bulk viscosity immensely for high temperatures. We will show that during the beginning of the lepton era, when the temperature is around 100 MeV, the bulk viscosity will be roughly 100 million times larger with muons included in the model compared to a model without.
The temperature (in kelvin and MeV), and time scales used in our paper.
played an important role in the early universe. See Fig.  1 .
Several papers about viscous cosmology have been published over the years (Hoogeveen et al. 1986a; Treciokas and Ellis 1971; Grøn 1990; Brevik 2015) . Most of them have looked upon it from a phenomenological point of view.
But what does this all mean in a cosmological framework? Or more specifically during the lepton era? At this time the universe consisted of photons, charged leptons and neutrinos -more or less acting as ideal (relativistic and non-relativistic) gases. The early universe was also very close to being in local (and global) thermal equilibrium, it was almost completely isotropic.
Let us give a simple qualitative description of how the two previously mentioned types of viscosities acted in this era: Any stress forces driving the system towards anisotropy is countered and resisted by viscous forces. In the first case we have shear stress due to regional differences in flow or temperature. The way shear viscosity drives the system back towards equilibrium is through momentum transfer between the regions. See Fig. 2 . This is proportional to the mean free path of the momentum-carrying particles. Because the weak nuclear force is so much weaker than the electromagnetic force at this time, the mean free path of neutrinos are much larger than those of the electromagnetic interacting particles. Practically, all the action of shear viscosity is due the interactions between neutrinos and other particles. Bulk viscosity arises due to the fact that nonrelativistic and relativistic gases behave adiabatically differently. During expansion, relativistic gases drop in temperature as a −1 , while non-relativistic gases drop as a −2 (where a is the scale factor). The system as a whole will try to bring these two components into equilibrium by heat transfer. Also here the main component of the momentum transfer is due to the neutrinos, but is a bit more complicated. As the temperature of the universe cools, and some particles transitions towards non-relativistic velocities they will be start to drop in temperature according as the aforementioned a −2 . They will be heated up by all the relativistic particles (which themselves will be cooled down). The electromagnetic interacting particles will never have time to gain any real temperature difference and they collectively will cool down a bit faster. The neutrinos on the other hand, because of their weakly interacting nature, have a longer mean life time resulting in a larger temperature difference before they interact. This will lead to a larger momentum transfer and a resulting larger viscous effect. In this way the photons play an indirect role as they help heat up the non-relativistic particles such that the temperature difference between them and the neutrinos are smaller than it would be the case in a non-photon case. See Fig. 3 . From the same argument it follows that compared to the neutrinos, the muons should drop faster in temperature than the tauleptons, and the electrons even faster. We will later see that bulk viscosity also has another impact as it is associated with a pressure.
Being interested in the underlying physics, we looked at some earlier papers with a focus on the origins for shear and bulk viscosity, including Misner (1967 Misner ( , 1968 Misner ( , 1969 , Caderni and Fabbri (1977) , van Erkelens and van Leeuwen (1978) van Leeuwen et al. (1986) and Hoogeveen et al. (1986a) with a special focus on the latter ("Viscous Phenomena in Cosmology. I. Lepton Fig. 3 A simplified illustrating of bulk viscosity. The electromagnetic interacting particles (γ, e, µ, τ ) all have a short mean life time, resulting in a small momentum transfer. The longer lived neutrinos provide a much larger momentum transfer since the temperature difference is bigger. The heavier leptons (here illustrated by the purple τ andτ particles) cool down slower compared to the a lighter lepton (here illustrated by the green µ andμ particles), since they are heated up by more relativistic particles.
Era"). We used their model, reproduced their result and took a closer look at the transitions temperatures towards the colder plasma era and the warmer hadron and quark eras. We were interested in the evolution of the two viscosity coefficients.
The main purpose with this work is to study the impact of including all three lepton generations. As these will annihilate at different times, we can study the build-up and fall-down of the two viscosity coefficients. We will also look at some aspects where this model comes short.
Setup and constraints

Definition of lepton era
The lepton era (or epoch) follows not long after the end of the phase transition from quark-gluon plasma to hadron gas at roughly 170 MeV (1.9×10 12 K) (Kapusta et al. 2003) . At this time, the free quarks and gluons bound together to form mesons and baryons. Because the temperature is too low for most pair productions, the more massive baryons quickly die out, and soon only the lightest mesons -the pions, have a significant contribution to the particle-mix. Already at the time of this phase transition, the number of leptons (e, µ, τ , ν) equals that of the hadrons, and the energy density is soon after (∼ 140 MeV) dominated by the leptons. The rounded down temperature of 100 MeV is a good definition for the start of the lepton era. From here on the universe is mainly filled with electrons, positrons, the 6 neutrinos, and the photons. At around 1 MeV (10 10 K), two coinciding events take place: the neutrinos decouple from matter, and soon after the temperature drops below the threshold for e − e + production, so they will start to annihilate. As the last positrons die out we enter the plasma era, where the universe is filled with a hot plasma of photons and the residual matter consisting of nuclei and electrons.
Constraints in our model
For our model we use theories which is constrained to the lepton era. Hence its validity drops as we cross over from both sides: going to higher temperatures leading into the hadron era, and dropping to lower temperatures leading into the plasma era. Expanding out of the (more) valid lepton-era can still show us some interesting physics worth exploring. We use the following constraints/simplifications in our model: A hadron-less universe: At temperatures of 100 MeV (10 12 K) the hadronic content of the universe is mainly pions (m π 0 = 135.0 MeV/c 2 , m π ± = 139.6 MeV/c 2 ) and only to a smaller extent other heavier hadrons, like kaons, protons and neutrons. Going above the phase transition at T ≈ 170 MeV there will be a quark-gluon plasma with all its implications. This requires taking QCD theory into account. For simplicity we disregard all hadrons. This will give a better understanding of the consequences by adding a single particle pair to our model. Matter-antimatter neutral universe: Data from WMAP (Bennett et al. 2012 ) suggest a baryon-tophoton ratio of (6.079 ± 0.090) × 10 −10 , which roughly corresponds to the matter over antimatter difference. This hardly plays any role when the universe is still hot enough to produce particle pairs, but this asymmetry have to be taken into consideration as we enter the plasma era, when all anti-matter is annihilated, and we are left with the residual matter. No neutrino decoupling: Neutrinos have a very long mean free path, which makes them the primary source for momentum transfer. Being the main contributor to both shear and bulk viscosity, an accurate model of the neutrino density is important. As the rate of the (weak) neutrino interactions becomes slower than the rate of expansion of the universe the neutrinos will decouple. This happens at
(T /10 10 K) 3 (see Sect. 3.4). We have neglected the neutrinos in our calculations, but marked the decoupling temperature in our figures.
No electromagnetic contribution: Particle interaction in the lepton era is dominated by the weak and electromagnetic forces. Viscous effects are related to momentum transfer. The long mean free path of the neutrinos ensures that its momentum transfer is several orders of magnitude larger to those of electromagnetic origin during this era. Electromagnetic interactions do however play a role at low temperatures after the neutrinos decouples (plasma era) and at high temperatures when the weak and electromagnetic forces are closer in strength (electroweak scale). This argument should be valid at temperatures beneath 10 13 K, but become more questionable as we get towards 10 14 K (Hoogeveen et al. 1986b) . No reheating from annihilations: The decay of heavier particles to lighter particles result in a temperature increase, as the rest masses are converted to kinetic energy. Any out-of-equilibrium effects of this origin has not been considered in this paper. Elastic collisions and no chemical potential: As is done in earlier writings, we only use elastic collisions in our calculations. The cross-section of inelastic collisions is of comparable sizes, so this approximation should not affect the results considerably (Hoogeveen et al. 1986a ). The chemical potentials of all particles is set to zero.
Viscous theory
Two factors which play a role in viscosity are, first the state of the system -which for our case is the particle composition of the system, and secondly the transport equation for the system. We use the theory as described by Hoogeveen et al. (1986a) . The core theory and equations for shear (η s ) and bulk (η v ) viscosities are given below, and a more thorough description of the linear equations is described in Appendix A. First of, the shear and bulk viscosities are found using the Chapman-Enskog approximation (van Erkelens and van Leeuwen 1978; Groot et al. 1980) :
where c is the speed of light, n is total particle density, k B is Boltzmann's constant, T is temperature. The coefficients c k and a k originate from the linearized relativistic Boltzmann equations. These transport equations describe the energy-momentum transfer, essentially the "force" trying to drive the system back to equilibrium. The two sets of linear equations are given in Appendix A for particle k. γ k (n k , T ) and α k (n k , T ) are functions of the particle densities and temperature and describe the state of the system. For the shear viscosity case this is a product of the particle composition (fraction) and enthalpy of the system, while for the bulk case it is a more complex function of these. The two functions are given by:
where x k , z k andĥ k are particle fraction, inverse dimensionless temperature and dimensionless partial specific enthalpy respectively, and are defined as:
Here K 3 and K 2 are the modified Bessel functions of the second kind. (z
is actually the specific heat capacity per particle for constant pressure,ĉ P . The γ in Eq. (4) is the heat capacity ratio (also known as the adiabatic index) and is given by
For low temperatures the heat capacity ratio should coincide with the classical value for a non-relativistic gas and approach 5/3. For massless particles, the average kinetic energy per particle is 3k B T , the enthalpy per particle is 4k B T , such that γ should approach 4/3 in the relativistic limit. We look closer atĉ P = (z 2 + 5ĥ −ĥ 2 ), α k , and their properties in Fig. 6 . The particle fractions x k , depends solely on the particle densities.
1 From Groot et al. (1980) we have γ = c P /c V =
, where e k = mc 2 K 1 (z)
.
Particle densities
The particle density for a particle k is given by Andersen (2012); Hoogeveen et al. (1986a) as
where g is the number of spin states and δ is +1 for bosons and −1 for fermions, which gives us the expressions for the 13 different particles:
where ζ(3) ≈ 1.202 is the Riemann zeta function and u (just as z) is a dimensionless inverse temperatures defined by Using dimensionless numbers in Eq. (7a), the integrals themselves will vary from 0 (low temperature) to 3ζ(3)/2 for fermions and 2ζ(3) for bosons at high temperatures. The numerical solutions for the particles densities are given in Fig. 4 , and that for the particle fractions in Fig. 5 . It is worth noting how late the pair production of massive particles is maintained. Their contribution is significant at temperatures well below the pair production energy threshold of 2m k .
Bulk viscosity and its terms
Let us revisit the concept of bulk viscosity by giving a few examples. During expansion relativistic and a nonrelativistic gases drop differently in temperature. For relativistic gases we have T ∝ a −1 , while the case for non-relativistic gases is T ∝ a −2 . Since non-relativistic gases drop quicker in temperature we will have heat transfer from the warmer relativistic gas to the colder non-relativistic gas in order to regain a thermal equilibrium in the mixture. Bulk viscosity increases with the temperature difference. Neutrinos have a long mean free path, hence longer mean life time than the charged leptons and the photon which interact much stronger, and hence the neutrinos are the primary contributor to the bulk viscous term.
As mentioned earlier, the α k coefficients tells us about the state of the system, more specifically it tells us about the ratio of particles which wants to drop faster (non-relativistic particles) in temperature to those who wants to drop slower (relativistic particles). Particles, or the particle specie as a whole to be more specific, with a positive α k are above the equilibrium temperature, and the other way around for particles with a negative α k , and the sum of all α k 's is zero. Since massive particles gradually change from behaving (ultra-)relativistic, to non-relativistic, and finally annihilation, the "sweet spot" should therefor be somewhere in between. Looking at Fig. 6c ) we see this peak in α when the ratio of non-relativistic (nr) to relativistic particles (r) is √ 2 : 1. For n r n nr we have α ∝ n r /n nr , and will decrease in the same manner for n r n nr . For ratios of 1 : 1 and 2 : 1 α will be 1/6, while the peak at √ 2 : 1 will be just slightly larger. In Fig. 6d ) we have shown a case with one massive and one massless particle with no particle decay (such that each particle number stays constant). At high temperature most of the massive particles move at relativistic velocities, and the mixture expands with negligible bulk viscosity. As the temperature drop, a bigger and bigger portion of the massive particles will behave more non-relativistic, and α will grow as T −2 until we reach a temperature roughly equal that of the particle mass. The growth in α will slow down and converge towards 1/6 as the ratio of relativistic to nonrelativistic particles goes towards 1 : 1. The complete functions of γ k and α k are plotted in Fig. 7 .
Viscous pressure
For a system in thermodynamic equilibrium, the energy density 2 and pressure P is found by adding together the individual pressures from all particle types k:
Eq. 10 is normally written in a simplified version as
where g P (T ) is the relativistic degrees of freedom for pressure (compared to that of the photon). For periods where the particle fractions stay constant the degrees of freedom stay constant as well (for example just before neutrino decoupling g P 10.75). The evolution of g P for all particles in the standard model is plotted in the upper right corner of Fig. 10 . We will define this thermodynamic equilibrium pressure for P TE , making the temperature dependence implicit.
The viscous pressure is (Brevik and Gorbunova 2005) :
where H is the Hubble constant given by k B T mc 2 e)ĉ P and heat capacity ratio γ. i) γ for whole system. γ Fig. 6 A more thorough look at the specific heat capacity per particle (ĉP ), the heat capacity ratio (γ), and α, as they are decomposed into its basic constituents. Subfigures (a) and (b) shows functions of z,ĥ and the Bessel functions, which make upĉP . (c) shows α as a function of the amount of relativistic to non-relativistic particles. The momentum transfer is biggest when ratio is 2 −1/2 . (d) shows a system with one massless and one massive particle specie in equal amount. α will increase as the massive particles go from being relativistic to non-relativistic. (e) showsĉP and γ as function of k B T /mc 2 , and (f ) for the three charged leptons as function of temperature. The last three subfigures shows the complete functions of cP and γ. For (g) we have included a hypothetical scenario with no particle annihilation (decay).ĉP , shown in (h) drops almost 7% towards the non-relativistic limit of 5/2, while γ, shown in (i) rise almost 3.5% towards the non-relativistic of 5/3. . α k peaks at temperatures where there is a good portion of both relativistic particles and non-relativistic particles. In practice this is the periods from when, in order, the tau, muon and electron particles become non-relativistic until they annihilate.
The effective pressure is found by
Neutrino decoupling
As the rate of the neutrino interactions, Γ ν , becomes slower than the rate of expansion of the universe, H, the neutrinos will decouple. The collision rate of neutrinos with electrons and positrons is (Weinberg 2008) :
where n e is the number density of electrons and σ wk is the neutrino-electron scattering. (Griffiths 2008; Beringer 2012 ) is the weak coupling constant. By using the energy density as given in Eq. (9), the expansion rate at the same time is
where g is the effective degrees for freedom for energy density. The prefactors in Γ ν and H roughly cancel each other out, such that we end up with
It is worth noting that without taking neutrino decoupling into account, our equations would result in the shear viscosity going towards infinity as T goes towards zero. However the bulk viscosity would still drop as it relies on the ratio of relativistic to non-relativistic particles.
Numerical model
Our model is made with Mathematica 9, using standard precision. We calculate the shear viscosity for 6, 9, 11 and 13 particles. For bulk viscosity we use 9, 11 and 13 particles. This refers to: pure neutrino model (ν e ,ν e , ν µ ,ν µ , ν τ ,ν τ = 6), plus electron/positron and photon (plus e − , e + , γ = 9), plus muons (plus µ − , µ + = 11), plus taus (plus τ − , τ + = 13). We use the particle and physical constants from PDG's "Review of Particle Physics (Beringer 2012) . The Weinberg angle (sin 2 θ W ) is set to 0.229, as it was in the original 1986 paper. The expanded parameters including τ − , τ + for differential cross-sections in elastic collisions are given in Appendix B, Table 3 .
Using these new parameters, we have solved the coefficients as given in Appendix A in (Hoogeveen et al. 1986a ). The equations used are reprinted in Appendix A.
Some integrals have been solved numerically instead of analytically. This has resulted in some high precision errors (e.g. when α k goes towards zero). This affected the calculations at low temperatures when including the tau and muon particles. The results did however converge to the "2-particle-less" models beforehand, and hence these errors can be disregarded. For low temperature where these are the cases, the cells in Table 2 are left blank.
The particle densities, and the α k and γ k terms were calculated and plotted continuously, the viscosity terms themselves consist of a series of single calculations over 74 different temperatures and 7 particle models (4 for shear and 3 for bulk viscosities).
Readers interested in the Mathematica code are encouraged to email the author.
Results
All calculations in this article are given in CGS units. Our main results are given in Table 2 , where we have organized the shear and bulk viscosities by numbers of particles used in the model. For shear viscosity, this is with 7, 9, 11 and 13 particles. Since photons have no impact on the shear viscosity, we might as well have written 6, 8, 10 and 12. As bulk viscosity requires both a relativistic and a non-relativistic part, we only have 9, 11 and 13 particle models. Our results are graphed in Fig. 8, 9 , ranging from 2 × 10 8 to 10 14 K (≈ 20 keV to 10 GeV). Everything below the neutrino decoupling temperature should be considered non-physical. We have included them in our calculations and plot as they still give us some input on the behavior of the the two viscous terms.
For Table 2 the range is increased one order of magnitude to 10 15 K (which is uncomfortable close to the electroweak scale).
The peaks in α k and related peaks in the bulk viscosity, η v , are given in Table 1 . The associated electron peaks are found at 0.44 m e for α and 0.29 m e for η v . For the muon and tau particles they both peak at 0.47 m µ,τ for α and 0.37 m µ,τ for η v .
Our results using a 9-particle model are very similar to those found by Hoogeveen et al., only differing by around 1% -which is within uncertainty. However, for our more particle-rich models the differences are quite significant in the high temperature regions. Plotting the pressures (Fig. 10) shows that the viscous pressure has a negligible contribution at high temperatures, and is at its highest at the time of the neutrino decoupling (and is actually larger than the the thermodynamic pressure if we disregard the decoupling).
The rest of our results from Fig. 8, 9 and Table 2 will be divided into a shear and bulk viscosity part. As a side note we should say that by using PDG's (Beringer 2012) entry for sin 2 θ W will keep α k unchanged, but the values of η s and η v will decrease by roughly 1%. Absolute value of ηs. Its value increases slightly more rapidly in the regions where heavier particles annihilate. In "particle-stable" regions ηs goes as ∝ T −1 . The bottom plot shows the deviations from the 13 particle model.
• The photon contribution to shear viscosity is negligible, so removing them and making models for 6, 8, 10 and 12 particles gives the same results.
• Shear viscosity goes as T −1 as long as the particle fractions stays constant. This can be understood by the fact that energy density (for relativistic particles) goes as T 4 while the interaction rate, Γ goes as T 5 . As shear viscosity depends on the mean free path of the particles, this is the inverse of the interaction rate.
• At high temperatures where all charged leptons are present we get a drop of η s by including the extra leptons in our model. For every particle pair we include in our model, η s drops by rougly 20%, or more specifically 13p) . ( Fig. 9 Top plot show the bulk viscosity, ηv. In the particlefraction-stable regions the bulk viscosity increases rapidly as ηv ∝ T −5 , and then drop quickly as the heavier particles dies out. The local maxima's (peaks) corresponding to the three lepton generations show that three peaks in ηv goes as ∝ T −4/3 . The bottom plot shows the deviations from the 13 particle model.
• Bulk viscosity is much more sensitive to temperature and number densities of the different particles.
• Photons contribute to bulk viscosity indirectly as they heat up the non-relativistic leptons. Removing the photon from our model would decreased η v by 38%, 29% and 24% for our 9, 11 and 13 particle models.
• Bulk viscosity goes as T −5 as long as the particle number stays constant. When a particle species dies out η v drops as the particle density function (which is exponential decay).
• At high temperatures where all charged leptons are present we get a significant increase in η v by including the extra leptons in our model. Specifically the two jumps are:
• The peaks for the local maximas of η v goes roughly as T −4/3 (within 6%). The maximas and minimas are marked by † and ‡ in Table 2 . (A newer value for sin 2 θ W from PDG (Beringer 2012) will shift the local maxima and minimum peaks by less than 0.1%).
• To understand why the peaks in bulk viscosity are as they are we have to look at several factors. Just as shear viscosity, the interacting rate vs. energy density should go as T −1 . To give an example of this: If the electron was 10 times heavier, the bulk viscosity would be a 10 times lower. That is: Changing the masses of particles changes the peaks as T −1 .
• The remaining T −4 comes from the product of the transport equations (a k ) and the α k parameters. Each of which goes as T −2 .
(a) α k related peaks e peak T = 2.642 e 9 K 227.7 keV 0.4455 me µ peak T = 5.763 e 11 K 49.66 MeV 0.4700 mµ τ peak T = 9.718 e 12 K 837.4 MeV 0.4713 mτ (b) ηv related peaks e peak T = 1.698 e 9 K 146.3 keV 0.2863 me µ peak T = 4.597 e 11 K 39.61 MeV 0.3749 mµ τ peak T = 7.710 e 12 K 664.4 MeV 0.3739 mτ Table 1 Local maxima peaks in α k and ηv.
Conclusions
The model universe we have presented here is a very simplified version of how the universe actually were at temperatures above 10 12 K = 100 MeV. Our aim for this paper is to give a more illustrative description of early universe viscosity, particularly how it behaves with a multiple of different particles.
One important event which should be included however is the reheating effect during particle annihilations. Another interesting thought is whether we can use the same transport equations to get a better understanding of the neutrino decoupling?
This extended model could be used to include new exotic particles, like dark matter candidates, or as a basis for an extended model using strongly interacting particles (e.g. pions) as well.
Acknowledgements Thanks to my supervisor Kåre Olaussen for giving me the project, and for helping me throughout this work. His help has been invaluable for understanding the concepts and the underlying mathematics. Thanks also to Iver Brevik for introducing us to the field of viscous cosmology, and for fruitful discussions on this paper. Table 2 Numerical values for shear and bulk viscosities for 7, 9, 11 and 13 particles. The local maximas and minimas in the bulk viscosities are marked by † and ‡, respectively. Everything after neutrinos decoupling should be considering non-physical and are marked in a red color. At temperatures of 10 14 K and above, the viscosity due to electromagnetic interacting particles should be considered (shown in orange). Table 3 v and a matrices. w + and w − is abbreviation for sin 2 θW +½ and sin 2 θW -½, respectively. The electromagnetic contribution is so small it can be ignored. The crossection σγν is zero.
